Abstract: We introduce a new class of stochastic processes in R n , referred to as generalized Poisson-Kac (GPK) processes, that generalizes the Poisson-Kac telegrapher's random motion in higher dimensions. These stochastic processes possess finite propagation velocity, almost everywhere smooth trajectories, and converge in the Kac limit to Brownian motion. GPK processes are defined by coupling the selection of a bounded velocity vector from a family of N distinct ones with a Markovian dynamics controlling probabilistically this selection. This model can be used as a probabilistic tool for a stochastically consistent formulation of extended thermodynamic theories far from equilibrium.
Introduction
Extended thermodynamic theories [1, 2] generalize the classical paradigm of the theory of irreversible processes (henceforth TIP) (5) in two main regards: (i) state functions in out-of-equilibrium processes can depend also on the fluxes of the transported entities and (ii) memory effects accounting for the finite propagation velocity of physical particles and fields are included within the constitutive equations. From the latter observation it follows naturally both the constitutive equations in extended thermodynamic theories have been chosen in the form of Cattaneo-type relation between fluxes and concentration gradients [1, 2] and that the expression for the nonequilibrium entropy has been defined in order to ensure the thermodynamic consistency of this class of constitutive equations with memory.
A comprehensive comparison of TIP with extended thermodynamic theories reveals that an important ingredient is lacking in the latter, namely the absence of a stochastic mesoscopic interpretation of the Cattaneo-type constitutive equations, which find relevant applications in heat conduction at very fast timescales such as in the presence of laser-pulse heating [3] and in the theory of second sound in solids and in helium II [4] . Let us clarify this issue in some detail. In TIP, by coupling continuum mechanical description of mass, momentum and energy transport with classical equilibrium thermodynamics [5] , the entropy production term per unit volume σ consists of the superposition, for each transported entity, of the scalar product of the gradient of the thermodynamic driving force with reverse sign with the associated "diffusive" flux, corresponding to the fluctuational component of the flux. For example, in the case of heat transport, σ = − T − 2 J q Á ∇T, where J q is the conductive flux and T the temperature. This setting accommodates easily, as thermodynamically consistent, any constitutive equation in which the conduction flux J q is proportional to the temperature gradient with reverse sign, i. e. J q = − kðTÞ∇T, provided kðTÞ ≥ 0. The formulation of entropy [6] , which represent the fundamental stochastic paradigm in contemporary statistical physics [7] . In this regard, constitutive equations of Fickian type are in a one-toone correspondence with stochastic models driven by Wiener perturbations, possessing uncorrelated and normally distributed increments, the variance of which is proportional to the time interval elapsed [6] .
In the case of Cattaneo and Cattaneo-type constitutive equations this correspondence with a stochastic model is, in general, lacking. In a simple and seminal contribution, Marc Kac [8] showed that in one spatial dimension it is possible to construct a very simple and elegant stochastic model driven by Poissonian fluctuations (henceforth referred to as the Poisson-Kac process), the statistical description of which returns the Cattaneo diffusion model (see Section 2). Nevertheless, in higher spatial dimensions (two or more), it does not exist any stochastic process that admits the Cattaneo diffusion equation
as its associated forward Fokker-Planck equation. This negative result, i. e. the lack of any stochastic interpretation for the higher dimensional Cattaneo equation, follows easily from the observation that the Green function for eq. (1) whenever x 2 R n and n ≥ 2, admits negative values [9] , and consequently it cannot be associated with any stochastic representation for a probability density function (pdf). In point of fact, a similar result, i. e. the occurrence of negative concentration values starting from non-negative initial and boundary conditions, can be proved also for the one-dimensional Cattaneo equation on the interval [10] . In order to formulate a stochastic background to extended thermodynamic theories based on almost everywhere (a. e.)-differentiable stochastic perturbations, we propose in this article a new family of stochastic processes, referred to as generalized Poisson-Kac (GPK) processes. Apart from the technical interest in a new family of processes (the properties of which are only sketched, due to the page limitation of this communication), we focus attention primarily in highlighting their most relevant implications in thermodynamic and transport theories. Specifically, (i) GPK processes show that the classical concentration-flux paradigm ubiquitously pervading TIP and classical transport theories should be generalized whenever a.e. smooth stochastic perturbations are considered; (ii) entropy and dissipation functions for a GPK process depend on the complete statistical characterization of the process itself, and not only on its overall pdf. As mentioned above, the article focuses on the physical implications of GPK processes, skipping second-order technical details. It is organized as follows. Section 2 briefly reviews the properties of the one-dimensional Poisson-Kac process useful in the remainder, and the conceptual guidelines that brought us to introduce GPK processes. Section 3 formulates the structure of GPK dynamics and some of their properties. Section 4 addresses some physical implications of the theory in the framework of a generalized formulation of out-of-equilibrium thermodynamics.
Poisson-Kac processes
The simplest Poisson-Kac process X(t) introduced by Marc Kac in 1974 [8] is defined by the following stochastic differential equation:
where xðtÞ 2 R, b > 0 is a constant and χðtÞ is a Poisson process characterized by the transition rate λ > 0. In order to avoid any initial bias, set Prob½χð0Þ = 0 = Prob½χð0Þ = 1 = 1=2. Essentially, eq. (2) corresponds to a purely random motion driven by a velocity field that flips between two values ± b, possessing an exponential statistics of the switching times τ, i. e. of the time intervals between two consecutive velocity flips, described by the pdf p τ ðτÞ = λe − λτ , τ ≥ 0. The statistical description of this process involves the use of two partial pdfs p ± ðx, tÞ dx = Prob½XðtÞ 2 ðx, x + dxÞ, ð − 1Þ χðtÞ = ± 1 fulfilling the system of two first-order hyperbolic equations
Because of the hyperbolic nature of eq. (3), p ± ðx, tÞ are also referred to as the partial waves of the process.
Let pðx, tÞ = p + ðx, tÞ + p − ðx, tÞ be the overall pdf for X(t) at time t, and J d ðx, tÞ = b½p + ðx, tÞ − p − ðx, tÞ the associated flux. Summing and subtracting the two eq. (3) with each other, the balance equation for p(x, t) and the constitutive equation for J d (x, t) follow
It can be recognized that eq. (5) This view of regarding the Poisson-Kac process, just as a "more curious, colored and bounded" example of noise, is somehow reductive and overlooks the main conceptual importance of this simple model in nonequilibrium statistical physics; the fundamental properties of which are: (i) the trajectories of the Poisson-Kac process X(t) are, with probability 1, a. e. smooth functions of time t: they possess discontinuous derivatives at any transition instant t*, still exhibiting well-defined left and right derivatives at that point; (ii) these processes converge to classical Brownian motion in the Kac limit 
(iii) it follows from (i) and (ii) that the Poisson-Kac processes can be regarded as a physically well-posed mollification (in the meaning of the Wong-Zakai result [14] ) of usual Brownian motion; (iv) the most natural physical description of the process involves the partial probabilities p ± ðx, tÞ and not the overall pdf p(x, t) and its flux J d ðx; tÞ (in one spatial dimension, there is a one-to-one correspondence between ðp
but this correspondence is lost in higher dimensions, see Section 4). In the next section, we outline the generalization of the Poisson-Kac dynamics in higher dimensions that preserves these relevant qualitative properties just discussed.
GPK processes
The development of specific stochastic models generalizing the original Poisson-Kac process can be found in several contributions [15, 16] . Particularly relevant is the work by Kolesnik and Pinsky [16] that provides a clear and fundamental picture of the complexity of the concentration-flux description for relatively simple Poisson-Kac processes in the plane. Our aim is to construct a class of stochastic processes, suitable to encompass a sufficiently large range of different physical phenomena at a microscopic level, to be used in nonequilibrium statistical mechanics as an alterative to the Wiener paradigm, i. e. to Langevin equations driven by nowhere-differentiable stochastic perturbations. As stated above, we use the qualitative properties (i)-(iv) mentioned at the end of the previous section as guidelines in this development.
The building block towards the construction of a GPK model in R n is the concept of a N-state finite 
The transition probability matrix A is by definition a left stochastic matrix, i. e. A α, β ≥ 0, ∀α, β = 1, ..., N,
From eqs. (6) and (7) it follows that the probabilities P α ðtÞ = Prob½χ N ðtÞ = α, α = 1, ..., N, of the occurrence χ N ðtÞ = α at time t satisfy the linear system of evolution equations
The N-state finite Poisson process is the stochastic engine that generalizes the dichotomous perturbation ð − 1Þ χðtÞ entering eq. (2).
Given a system fb α g N α = 1 of N constant velocity vectors b α 2 R n , and a deterministic velocity field v(x) in R n , a GPK process X(t) is defined by the stochastic differential equation
where χ N ðtÞ is an N-state finite Poisson process defined above. Equation (9) is equipped with the initial condition xðt = 0Þ = x 0 . We assume for fb α g N α = 1 the nonbiasing condition, namely
It follows from the definition eqs. (6)-(9) that a GPK process is defined by the sextuple n, N, Λ, A, fb α g N α = 1 , vðxÞ .
Alternatively, instead of the transition probability matrix A, one can introduce the transition rate matrix
From the properties of A, it follows that K α, β ≥ 0, and
If a detailed balance is assumed, then K α, β is a symmetric matrix.
Taking into account the Markov structure of χ N ðtÞ, the statistical description of a GPK process involves N partial pdfs p α ðx, tÞ, such that 
The overall pdf p(x, t) and the diffusive flux J d (x, t), i. e. the component of the flux associated with the stochastic perturbation, are obviously defined as pðx, tÞ =
From eqs. (11) and (12) it follows that the overall pdf satisfies the balance equation
where the constitutive relation for the diffusive flux J d (x, t) is more elaborate. Considering for simplicity the case of equal transition rates λ α = λ, α = ..., N, from eqs. (11) to (12) one obtains
which is a rather complex expression for J d (x, t) involving the time derivative of the flux (as in the Cattaneo model), the full set of partial probabilities fp α ðx, tÞg N α = 1 (and not solely the overall probability density p(x, t)), and the structural properties of the GPK process, namely ðΛ, A, fb α g This issue involves lengthy calculations. Here, we sketch briefly the approach toward a simple analysis of the Kac limit for GPK processes which brings some similarity with the structural calculations on the hydrodynamic limit of lattice Boltzmann schemes [17] .
Assume that the GPK is such that the velocity vectors satisfy (for uniform λ α ), the conditions
where δ is some constant less than 1. Let b ðcÞ = min 1 ≤ α ≤ n jb α j, the lower norm of the stochastic velocity vectors. In this case, the Kac limit corresponds to b ðcÞ , λ ! ∞, keeping fixed the ratio D nom = ðb ðcÞ Þ 2 =ð2λÞ, referred to as the nominal diffusivity of the GPK scheme. Letb α = b α =b ðcÞ . In the limit of infinitely fast recombination kinetics among the partial waves p α (x, t), it is reasonable to assume a principle of local equilibrium between the waves, namely that for very large λ p α ðx, tÞ = pðx, tÞ
Substituting eq. (15) into eq. (13) and enforcing the transition property eq. (14), one finally obtains
Let b α, h be the hth entry of the stochastic velocity vector b α . If the dyadic tensor 
where ' α = 2 πðα − 1Þ=N, one readily obtains D e = D nom = b 2 =2λ, for any N ≥ 3.
Physical implications in irreversible thermodynamics
This section outlines several implications of GPK processes in the theory of irreversible thermodynamics. The first qualitative implication is already implicit in the statistical characterization of GPK processes described in the previous section and concerns the concentration-flux paradigm. The statistical description of a GPK process in R n involves N partial pdfs, evolving according to the hyperbolic wave equations with recombination eq. (11). The flux-concentration description based on the overall quantities p(x, t) and J d (x, t) defined by eq. (12) involves n + 1 functions: the overall pdf p(x, t) and the n entries of the diffusive flux J d (x, t). Whenever N > n + 1, the latter description cannot be statistically complete, and consequently any continuum transport model for GPK processes grounded exclusively on (p, J d ) cannot be intrinsically correct. This lack of completeness impacts the requirement of nonnegativity of p(x, t), as in the case of the higher dimensional Cattaneo equation. In other words, if, for physical reasons, we have to consider explicitly the finite propagation velocity of the stochastic perturbation, then the partial probability wave description based on the full set of partial waves fp α ðx, tÞg N α = 1 should replace the (p, J d ) description which is, in general, incomplete. This shift of paradigm can be further appreciated when dissipation functions and entropies are considered, i. e. once the core of the irreversible nature of the process is approached. Again, consider for simplicity equal transition rates λ α = λ, and a symmetric transition probability matrix A α, β . An "energy dissipation function" is a bilinear functional of the partial probability waves ε d ðtÞ = P N α, β = 1 C α, β Ð R n p α ðx, tÞp β ðx, tÞ dx, where C α, β are positive constants, such that dε d ðtÞ=dt ≤ 0 along the evolution of the system.
In the case of symmetric GPK process (i. e. A symmetric), possessing equal transition rates, it is fairly easy to prove that the square L 2 -norm of the vector of partial probabilities
is a proper energy dissipation function. As regards the entropy function for GPK processes, the BoltzmannShannon entropy S BS (t) based on the partial waves p α (x, t)
possesses a monotonic behavior dS BS (t)dt ≥ 0 along the evolution of the system expressed statistically by eq. (11) . Conversely, any definition of energy dissipation function or entropy based exclusively on the behavior of the overall density function p(x, t), i. e.
is not thermodynamically consistent in the meaning that it displays a nonmonotonic behavior as a function of time t.
As an example, consider the GPK process dxðtÞ = vðxðtÞ, tÞdt + Pe − 1 b χNðtÞ dt on the two-dimensional unit torus, i. e. x = ðx, yÞ 2 ½0, 1Þ × ½0, 1Þ equipped with periodic boundary conditions, that corresponds to the stochastic motion of a tracer particle in an incompressible time-periodic velocity field (Pe is the Peclét number). For the velocity field v(x, t), take a classical paradigm, namely the sine-flow model, defined by the protocol vðx, tÞ = ðsinð2πyÞ, 0Þ for t 2 ½nT, nT + T=2Þ, vðx, tÞ = ð0, sinð2πxÞÞ for t 2 ½nT + T=2, ðn + 1ÞTÞ, where T is the period and n 2 N [18] . For sufficiently high values of the period T, this model flow provides a prototypical example of chaotic advection. Consider the two-dimensional GPK process defined by eq. (17) at D e = 1=Pe. In the Kac limit, this model converges toward the advection-diffusion equation ∂ t pðx, tÞ = − vðx, tÞ Á ∇pðx, tÞ + Pe − 1 ∇ 2 pðx, tÞ. As initial condition chooses a segregated profile, i. e. p α ðx, 0Þ = 2=N, for 0 ≤ x < 1=2, α = 1, ..., N, and zero otherwise. Figure 1 depicts the early concentration profiles at Pe = 10 2 , N = 4, for two values of the transition rate λ compared to the solution of the limit parabolic advection-diffusion equation. The behavior of the BoltzmannShannon entropy S * BS ðtÞ = S BS ðtÞ − log N based on the partial waves, and that of the corresponding Boltzmannian entropy AE B ðtÞ based on the overall probability density p(x, t) is depicted in Figure 2 
where (x, v) 2 R n × R n . Letting p α ðx, v, tÞ, α = 1, ..., N, be the partial probability waves associated with eq.
(21), it is possible to derive the hydrodynamic equations for the partial mass and moment densities
using the standard methods of kinetic theory (moment expansion). The overall mass ρðx, tÞ and momentum ρðx, tÞ V ðx, tÞ densities can be recovered by summing over the states α. This approach provides a way for defining a consistent formalism for extended thermodynamic theories starting from an underlying stochastic process possessing finite propagation velocity. As expected, this formulation involves in general the full set of partial quantities fρ α ðx, tÞ, V α ðx, tÞg N α = 1 , and not solely the overall ones ρðx, tÞ, Vðx, tÞ. 
Concluding remarks
The fundamental merit of extended thermodynamic theories is the attempt of developing a consistent formalism of transport phenomena based on the requirement of a finite propagation velocity of the transported entities. Finite propagation velocity implies intrinsically the occurrence of correlations in the stochastic forcing, which result in the statistical description of the process in the form of a memory constitutive equation for the overall diffusive flux, the functional form of which can be highly nontrivial in GPK processes. Compared to Brownian motion and Wiener-driven Langevin equations (and consequently to Fickian constitutive equations), this represents a conceptual breakthrough similar to the impact of special relativity with respect to the classical Newtonian mechanics grounded on the instantaneous action at distance. In this article, we have presented an overview of our current research on stochastic processes possessing finite propagation velocity, leading to the definition of GPK processes and their statistical characterization. GPK theory "cures" the problems of the Cattaneo equation in higher dimensions (i. e. the lack of nonnegativity), and, in this framework, it could represent the stochastic backbone toward a self-consistent extended thermodynamic theory of irreversible phenomena. The assumption of finite propagation has intrinsically a price to be paid: to waive the handy and familiar concentration-flux description toward a more general one based on the partial probability waves and their transport counterparts, see definitions in eq. (22). This increase in complexity is similar to the use of more complex quantities in classical and quantum relativistic theories (four vectors, four spinors, etc.) compared to nonrelativistic (Newtonian) models. Once the postulate of finite propagation velocity is assumed, the occurrence of this more complex level of description is an a priori justification of one of the basic assumptions of extended thermodynamic theories as regards the property that the thermodynamic quantities in out-of-equilibrium conditions should have a more general expression than at equilibrium, and that they should depend on dynamic quantities vanishing at equilibrium.
